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Abstract. Arti�cial Intelligencesearchalgorithmssearchdiscretesystems.To
apply suchalgorithmsto continuoussystems,suchsystemsmust �rst be dis-
cretized,i.e. approximatedas discretesystems.Action-baseddiscretizationre-
quiresthatbothactionparametersandactiontiming bediscretized.We focuson
theproblemof actiontiming discretization.
After describingan � -admissiblevariantof Korf's recursive best-�rst search( � -
RBFS),we introduceiterative-re�nement� -admissiblerecursive best-�rst search
(IR � -RBFS)which offerssigni�cantly betterperformancefor initial time delays
betweensearchstatesover severalordersof magnitude.Lack of knowledgeof a
goodtime discretizationis compensatedfor by knowledgeof a suitablesolution
costupperbound.

1 Intr oduction

Arti�cial Intelligencesearchalgorithmssearchdiscretesystems,yetwe liveandreason
in a continuousworld. Continuoussystemsmust�rst bediscretized,i.e. approximated
asdiscretesystems,to applysuchalgorithms.Therearetwo commonwaysthatcontin-
uoussearchproblemsarediscretized:state-baseddiscretizationandaction-baseddis-
cretization.State-baseddiscretizationbecomesinfeasiblewhenthestatespaceis highly
dimensional.Action-baseddiscretizationbecomesinfeasiblewhentherearetoo many
degreesof freedom.Interestingly, biological high-degree-of-freedom systemsareof-
ten governedby a muchsmallercollectionof motor primitives[3]. We focushereon
action-baseddiscretization.

Action-baseddiscretizationconsistsof two parts:(1)actionparameterdiscretization
and(2) actiontiming discretization,i.e. how andwhento act. For example,consider
robotsoccer. Searchcanonly sampleactionparametercontinuasuchaskick forceand
angle.Similarly, searchcanonly samplein�nite possibleactiontimingssuchaswhen
to kick. Themostpopularform of discretizationis uniformdiscretization.It is common
to samplepossibleactionsandactiontimingsat �x edintervals.

In this paper, we focuson actiontiming discretization.Experimentalevidenceof
this paperandpreviousstudies[4] suggeststhata �x eduniform discretizationof time

�

The authoris grateful to RichardKorf for suggestingthe spherenavigation problem,andto
the anonymousAAAI andSARA reviewersfor goodinsight andsuggestions.This research
wasdonebothat theStanfordKnowledgeSystemsLaboratorywith supportby NASA Grant
NAG2-1337,andatGettysburg College.



is not advisablefor searchif onehasa desiredsolutioncost upperbound.Rather, a
new classof algorithmsthatdynamicallyadjustactiontiming discretizationcanyield
signi�cant performanceimprovementsoverstaticactiontiming discretization.

Iterative-re�nementalgorithmsusea simple meansof dynamicallyadjustingthe
timeintervalbetweensearchstates.Thispaperpresentstheresultsof anempiricalstudy
of theperformanceof differentsearchalgorithmsasonevariestheinitial time interval
betweensearchstates.We formalizeour generalizationof search,presentour chosen
classof problems,describethealgorithmscompared,andpresenttheexperimentalre-
sults.

The key contributions of this work are experimentalinsight into the importance
of searchingwith dynamictime discretization,andtwo new iterative-re�nementalgo-
rithms,oneof whichexceedstheperformanceof � -RBFSacrossmorethanfour orders
of magnitudeof theinitial timedelaybetweenstates.

2 Search ProblemGeneralization

Henceforth,we will assumethattheactiondiscretization,i.e. which actionparameters
aresampled,is alreadygiven.Fromtheperspectiveof thesearchalgorithm,theaction
discretizationis static,i.e. cannotbe variedby thealgorithm.However, actiontiming
discretizationis dynamic,i.e. thesearchalgorithmcanvarytheactiontiming discretiza-
tion. For this reason,we will call suchsearches“SADAT searches”asthey have Static
Action andDynamicAction Timing discretization.

We formalizetheSADAT searchproblemasthequadruple:
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, mapping
a stateanda positive time durationto asuccessorstateanda transitioncost,and
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is thesetof goalstates.

Theimportantdifferencebetweenthis andclassicalsearchformulationsis thegen-
eralizationof actions(i.e.operators).Ratherthanmappingastateto anew stateandthe
associatedcostof theaction,weadditionallytakea timedurationparameterspecifying
how muchtimepassesbetweenthestateandits successor.

A goalpathcanbespeci�ed asa sequenceof action-durationpairsthatevolve the
initial stateto a goalstate.The costof a pathis thesumof all transitioncosts.Given
thisgeneralization,thestatespaceis generallyin�nite, andtheoptimalpathis generally
only approximablethroughasamplingof possiblepathsthroughthestatespace.

3 Sphere Navigation Problem

SinceSADAT searchalgorithmswill generallyonly be able to approximateoptimal
solutions,it is helpful to testthemonproblemswith known optimalsolutions.Richard



Korf proposedtheproblemof navigationbetweentwo pointson thesurfaceof asphere
asa simplebenchmarkwith a known optimalsolution.1 Our versionof theproblemis
givenhere.

The shortestpath betweentwo points on a sphereis along the great-circlepath.
Considerthe circle formed by the intersectionof a sphereand a planethroughtwo
pointson thesurfaceof thesphereandthecenterof thesphere.Thegreat-circle path
betweenthe two points is the shorterpart of this circle betweenthe two points.The
great-circledistanceis thelengthof thispath.

The statespace
�

is the setof all positionsandheadingson the surfaceof a unit
spherealongwith all nonnegativetimedurationsfor travel. Essentially, weencodepath
cost(i.e. time) in thestateto facilitatede�nition of

�

. Theinitial state
	 �

is arbitrarily
chosento have position(1,0,0)andvelocity (0,1,0) in sphericalcoordinates,with no
timeelapsedinitially.

Theaction
� " � �

, 4653785:9 takesastateandtimeduration,andreturnsanew state
andthesametimeduration(i.e.cost= time).Thenew stateis theresultof changingthe
heading7<;>=@?BA radiansandtraveling with unit velocity at that headingfor the given
time durationon thesurfaceof theunit sphere.If thepositionreachesa goalstate,the
systemstopsevolving (andincurringcost).

The setof goal states
�

includesall statesthat areboth (1) within ��C great-circle
distancefrom a given position DFE , and (2) within �
G time units of the optimal great-
circle durationto reachsuchpositions.Putdifferently, the�rst requirementde�nesthe
sizeandlocationof thedestination,andthesecondrequirementde�neshow directlythe
destinationmustbereached.PositionD

E is chosenatrandomfrom all possiblepositions
on theunit spherewith all positionsbeingequiprobable.

If H is the great-circledistancebetween(1,0,0)and D
E , then the optimal time to

reacha goalpositionat unit velocity is H�I3�
C . Thenthesolutioncostupperboundis
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�
G . For any position,the great-circledistancebetweenthat positionand D

E

minus �
C is the optimal time to goal at unit velocity. This is usedas the admissible

heuristicfunction M for all heuristicsearch.

4 Algorithms

In thissectionwedescribethefouralgorithmsusedin ourexperiments.The�rst pairuse
�x ed time intervalsbetweenstates.The secondpair dynamicallyre�ne time intervals
betweenstates.The �rst algorithm, � -admissibleiterative-deepeningA N , featuresan
improvementoverthestandarddescription.Following thatwedescribean � -admissible
variantof recursivebest-�rst searchandtwo novel iterative-re�nementalgorithms.

4.1 O -Admissible Iterati ve-DeepeningA P

� -admissibleiterative-deepeningA N search,herecalled � -IDA N , is aversionof IDA N [1]
wherethe Q -costlimit is increased“by a �x edamount� on eachiteration,so that the
total numberof iterationsis proportionalto R�?B� . This canreducethesearchcost,at the
expenseof returningsolutionsthatcanbeworsethanoptimalby at most � .” [5].
1 Personalcommunication,23May 2001.



Actually, our implementationis an improvementon � -IDA N asdescribedabove. If
S

Q is thedifferencebetween(1) theminimum Q -valueof all nodesbeyondthecurrent
searchcontour, and(2) the current Q -cost limit, thenthe Q -cost limit is increasedby

S

Q K � . (
S

Q is theincreasethatwouldoccurin IDA N .) This improvementis signi�cant
in caseswhere Q -costlimit changesbetweeniterationscansigni�cantly exceed� .

It is importantto notethatwhenwe commit to anactiontiming discretization,the
� -admissibilityof searchis relative to theoptimalsolutionof this discretizationrather
thantheoptimalsolutionof theoriginal continuous-timeSADAT searchproblem.

4.2 O -AdmissibleRecursive Best-First Search

� -admissiblerecursive best-�rst search,herecalled � -RBFS,is an � -admissiblevariant
of recursive best-�rst searchthat follows the descriptionof [2, T 7.3] without further
searchafter a solution is found. As with our implementationof � -IDA N , local search
boundsincreaseby at least� (whennot limited by B) to reduceredundantsearch.

In Korf'sstyleof pseudocode,� -RBFSis asfollows:

eRBFS (node: N, value: F(N), bound: B)
IF f(N)>B, RETURNf(N)
IF N is a goal, EXIT algorithm
IF N has no children, RETURNinfinity
FOR each child Ni of N,

IF f(N)<F(N), F[i] := MAX(F(N),f(Ni))
ELSE F[i] := f(Ni)

sort Ni and F[i] in increasing order of F[i]
IF only one child, F[2] := infinity
WHILE (F[1] <= B and F[1] < infinity)

F[1] := eRBFS(N1, F[1], MIN(B, F[2] + epsilon))
insert Ni and F[1] in sorted order

RETURNF[1]

ThedifferencebetweenRBFSand � -RBFSis in thecomputationof theboundfor
therecursivecall. In RBFS,this is computedasMIN(B, F[2]) whereasin � -RBFS,
this is computedas MIN(B, F[2] + epsilon) . F[1] and F[2] are the low-
estandsecond-loweststoredcostsof thechildren,respectively. A correctnessproof of

� -RBFSfollows thestructureof Korf'sRBFScorrectnessproof [2] with minormodi�-
cations.

Thealgorithm's initial call parametersaretheroot node U , Q%VWU
X , and Y . Actually,
bothRBFSand � -RBFScanbegivena�nite boundZ if onewishesto restrictsearchfor
solutionswith a costof no greaterthan Z andusesanadmissibleheuristicfunction.If
nosolutionis found,thealgorithmwill returnthe Q -valueof theminimumopensearch
nodebeyondthesearchcontourof Z .

In thecontext of SADAT searchproblems,both � -IDA N and � -RBFSassumea�x ed
time interval betweena nodeandits child. Thefollowing two algorithmsdonot.



(a) Iterative-deepeningDFS. (b) Iterative-re�nementDFS.

Fig.1. Iterative searchmethods.

4.3 Iterati ve-Re�nement O -RBFS

Iterative-re�nement[4] is perhapsbestdescribedin comparisonto iterative-deepening.
Iterative-deepeningdepth-�rst search(Figure 1(a)) providesboth the linear memory
complexity bene�t of depth-�rst searchandtheminimum-lengthsolution-pathbene�t
of breadth-�rst searchat the cost of nodere-expansion.Suchre-expansioncostsare
generallydominatedby thecostof the�nal iterationbecauseof theexponentialnature
of searchtimecomplexity.

Iterative-re�nementdepth-�rst search(Figure1(b)) canbe likenedto an iterative-
deepeningsearchto a �x ed time-horizon.In classicalsearchproblems,time is not an
issue.Actions leadfrom statesto otherstates.Whenwe generalizesuchproblemsto
includetime,we thenhave thechoiceof how muchtime passesbetweensearchstates.
Assumingthat the vertical time interval in Figure1(b) is

S\[

, we performsuccessive
searcheswith delays

S\[

,
S\[

?^] ,
S\[

?B_ ,
�����

until a goalpathis found.
Iterative-deepeningaddressesourlackof knowledgeconcerningtheproperdepthof

search.Similarly, iterative-re�nementaddressesour lack of knowledgeconcerningthe
propertime discretizationof search.Iterative-deepeningperformssuccessive searches
that grow exponentiallyin time complexity. The complexity of previousunsuccessful
iterationsis generallydominatedby that of the �nal successfuliteration.The sameis
truefor iterative-re�nement.

However, theconceptof iterative-re�nementis not limited to theuseof depth-�rst
search.Otheralgorithmssuchas � -RBFSmaybeusedaswell. In general,for eachiter-
ationof aniterative-re�nementsearch,a level of (perhapsadaptive) time-discretization
granularityis chosenfor searchandanupperboundon thesolutioncostis given.If the
iteration�nds a solutionwithin this costbound,thealgorithmterminateswith success.
Otherwise,a �ner level of time-discretizationgranularityis chosen,andsearchis re-
peated.Searchis successively re�ned with respectto timegranularityuntil asolutionis
found.



Iterative-Re�nement� -RBFSis oneinstanceof suchsearch.Thealgorithmcanbe
simplydescribedasfollows:

IReRBFS (node: N, bound: B, initDelay: DT)
FOR I = 1 to infinity

Fix the time delay between states at DT/I
eRBFS(N, f(N), B)
IF eRBFS exited with success, EXIT algorithm

Iterative-Re�nement� -RBFSdoesnot searchto a �x edtime-horizon.Rather, each
iterationsearcheswithin a searchcontourboundedby ` . Successive iterationssearch
to thesamebound,but with �ner temporaldetail.DT/I is assignedto aglobalvariable
governingthetime interval betweensuccessivestatesin search.

4.4 Iterati ve-Re�nement DFS

Thealgorithmfor Iterative-Re�nementDFSis givenasfollows:

IRDFS (node: N, bound: B, initDelay: DT)
FOR I = 1 to infinity

Fix the time delay between states at DT/I
DFS-NOUB(N, f(N), B)
IF DFS-NOUB exited with success, EXIT algorithm

Ourdepth-�rstsearchimplementationDFS-NOUBusesanodeordering(NO)heuris-
tic and hasa path cost upper-bound(UB). The node-orderingheuristic is as usual:
Nodesareexpandedin increasingorderof Q -value.Nodesarenot expandedthat ex-
ceeda givencostupperbound.Assumingadmissibilityof theheuristicfunction M , no
solutionswithin thecostupper-boundwill beprunedfrom search.

5 Experimental Results

In theseexperiments,we vary only the initial time delay
S\[

betweensearchstates
and observe the performanceof the algorithmswe have described.For � -IDA N and

� -RBFS,the initial
S\[

is the only
S\[

for search.The iterative-re�nementalgorithms
searchusingtheharmonicre�nementsequence

S�[

,
S\[

?
] ,
S\[

?B_ ,
�����

, andarelimited to
1000re�nementiterations.� -admissiblesearcheswereperformedwith �

�a�

R .
Experimentalresultsfor successratesof searcharesummarizedin Figure2. Each

point represents500trials overa �x ed,randomsetof spherenavigationproblemswith
�bC

�c�

4^4^4dR and �
G computedas10%of theoptimaltime.Thus,thetargetsizefor each
problemis the same,but the varying requirementfor solutionquality meansthat dif-
ferentdelayswill beappropriatefor differentsearchproblems.Searchwasterminated
after10seconds,sothesuccessrateis thefractionof time a solutionwasfoundwithin
theallottedtimeandre�nementiterations.

In this empiricalstudy, meansand90% con�denceintervals for the meanswere
computedwith 10000bootstrapresamples.
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Fig.2. Effectof varyinginitial egf .

Let us �rst comparethe performanceof iterative-re�nement(IR) � -RBFSand � -
RBFS.To theleft of thegraph,wheretheinitial

S\[

�

is small,thetwo algorithmshave
identicalbehavior. This regionof thegraphindicatesconditionsunderwhichasolution
is found within 10 secondson the �rst iteration or not at all. There is no iterative-
re�nement in this region; the time complexity of the �rst iterationleavesno time for
another.

At about
S\[

�
�h�

R , weobservethatIR � -RBFSbeginsto haveasigni�cantly greater
successratethan � -RBFS.At this point, thetime complexity of searchallows for mul-
tiple iterations,andthuswebegin to seethebene�tsof iterative-re�nement.

Continuingto theright with greaterinitial
S\[

�

, IR � -RBFSnearsa 100%success
rate.At thispoint, thedistributionof

S\[

'soverdifferentiterationsallowsIR � -RBFSto
reliably �nd a solutionwithin thetime constraints.We canseethedistribution of

S\[

's
thatmostlikely yield solutionsfrom thebehavior of � -RBFS.

Wherethe successrateof IR � -RBFSbegins to fall, the distribution of �rst 1000
S�[

's begins to fall outsideof the region wheresolutionscanbe found. With our re-
�nement limit of 1000,thelast iterationusesa minimal

S\[

�

S�[

�

?#R�4i4^4 . Thehighest
S�[

�

trials fail not becausetime runsout. Rather, the iteration limit is reached.How-
ever, evenwith a greaterre�nementlimit, we would eventuallyreacha

S\[

�

wherethe
iterativesearchcostincurredonthewayto thegood

S\[

rangewouldexceed10seconds.
ComparingIR � -RBFS with IR DFS, we �rst note that there is little difference

betweenthetwo for large
S�[

�

. For mid-to-low-range
S\[

�

values,however, webegin to
seetheef�ciency of � -RBFSover DFSwith nodeorderingasthe �rst iterationwith a



solutionpathpresentsamorecomputationallycostlysearch.Withoutaperfectheuristic
wherecomplex searchis necessary, � -RBFSshows its strengthrelative to DFS.Rarely
will problemsbe sounconstrainedandoffer suchan easyheuristicasthis benchmark
problem,soIR � -RBFSwill begenerallybebettersuitedfor all but thesimplestsearch
problems.

In summary, iterative-re�nementalgorithmsarestatisticallythesameasor superior
to theothersearchesover therangeof

S\[

�

valuestested.IR � -RBFSoffersthegreatest
averagesuccessrateacrossall

S\[

�

. With respectto � -RBFS,IR � -RBFSofferssigni�-
cantlybetterperformancefor

S\[

�

spanningmorethanfour ordersof magnitude.These
�ndings arein agreementwith previousempiricalstudiesconcerninga submarinede-
tectionavoidanceproblem[4].

6 Conclusions

Thisempiricalstudyconcerningspherenavigationprovidesinsightinto theimportance
of searchingwith dynamictimediscretization.Iterative-re�nementalgorithmsaregiven
aninitial time delay

S�[

�

betweensearchstatesanda solutioncostupperbound.Such
algorithmsiteratively searchto thisboundwith successively smaller

S\[

until asolution
is found.

Iterative-re�nement� -admissiblerecursivebest-�rstsearch(IR � -RBFS)wasshown
to be similar to or superiorto all other searchesstudiedfor

S\[

�

spanningover � ve
ordersof magnitude.With respectto � -RBFS(without iterative-re�nement),a new � -
admissiblevariantof Korf's recursive best-�rst search,IR � -RBFSofferssigni�cantly
betterperformancefor

S\[

�

spanningover four ordersof magnitude.
Iterative-re�nementalgorithmsareimportantfor searchproblemswherereasonable

valuesfor
S\[

are(1) unknown or (2) known andonewishesto �nd a solutionmore
quickly andreliably. The key tradeoff is that of knowledge.Lack of knowledgeof a
goodtime discretizationis compensatedfor by knowledgeof a suitablesolutioncost
upperbound.If oneknows a suitablesolutioncostupperboundfor a problemwhere
continuoustime is relevant, an iterative-re�nementalgorithm suchas IR � -RBFS is
recommended.
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