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Abstract. Arti cial IntelligencesearchalgorithmssearchdiscretesystemsTo
apply suchalgorithmsto continuoussystems such systemsmust rst be dis-
cretized,i.e. approximatedas discretesystemsAction-baseddiscretizationre-
quiresthatbothactionparametersindactiontiming be discretizedWe focuson
the problemof actiontiming discretization.

After describingan -admissiblevariantof Korf's recursve best- rst search( -
RBFS),weintroduceiterative-re nement -admissiblerecursve best- rstsearch
(IR -RBFS)which offerssigni cantly betterperformancéor initial time delays
betweersearchstatesover several ordersof magnitudeLack of knowledgeof a
goodtime discretizations compensateébr by knowledgeof a suitablesolution
costupperbound.

1 Intr oduction

Arti cial Intelligencesearchalgorithmssearchdiscretesystemsyetwe live andreason
in a continuousworld. Continuoussystemsnust rst bediscretized).e. approximated
asdiscretesystemsto applysuchalgorithms.Therearetwo commonwaysthatcontin-
uoussearchproblemsare discretizedstate-basediscretizationand action-basedlis-
cretization State-basediscretizatiorbecomesénfeasiblewhenthestatespaces highly
dimensional Action-basedliscretizationbecomesnfeasiblewhentherearetoo mary
degreesof freedom.Interestingly biological high-degree-of-freedm systemsare of-
ten governedby a much smallercollectionof motor primitives[3]. We focushereon
action-basediscretization.

Action-basedliscretizatiorconsistf two parts:(1) actionparametediscretization
and (2) actiontiming discretizationj.e. how andwhento act. For example,consider
robotsoccerSearchcanonly sampleactionparametecontinuasuchaskick forceand
angle.Similarly, searchcanonly samplein nite possibleactiontimings suchaswhen
to kick. Themostpopularform of discretizatioris uniformdiscretizationlt is common
to samplepossibleactionsandactiontimingsat x edintervals.

In this paper we focuson actiontiming discretization Experimentalevidenceof
this paperandprevious studieg4] suggestshata x ed uniform discretizatiorof time
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is not advisablefor searchif one hasa desiredsolution costupperbound.Rather a
new classof algorithmsthat dynamicallyadjustactiontiming discretizationcanyield
signi cant performanceémprovementsover staticactiontiming discretization.

Iterative-re nementalgorithmsuse a simple meansof dynamically adjustingthe
timeinterval betweersearctstatesThis papempresentsheresultsof anempiricalstudy
of the performancef differentsearchalgorithmsasonevariestheinitial time interval
betweensearchstates We formalize our generalizatiorof searchpresentour chosen
classof problemsdescribethe algorithmscomparedand presenthe experimentale-
sults.

The key contrikutions of this work are experimentalinsight into the importance
of searchingvith dynamictime discretizationandtwo new iterative-re nementalgo-
rithms, oneof which exceedgheperformancef -RBFSacrossnorethanfour orders
of magnitudeof theinitial time delaybetweerstates.

2 Search Problem Generalization

Henceforthywe will assumehatthe actiondiscretizationj.e. which actionparameters
aresampledjs alreadygiven.Fromthe perspectie of the searchalgorithm,the action
discretizationis static,i.e. cannotbe varied by the algorithm.However, actiontiming
discretizatioris dynamic,.e.thesearchalgorithmcanvarytheactiontiming discretiza-
tion. For thisreasonwe will call suchsearche§SADAT searcheséasthey have Static
Action andDynamicAction Timing discretization.

We formalizethe SADAT searctproblemasthequadruple:

where

is the statespace,
is theinitial state,
- isa nite setof actionfunctions , mapping
a stateanda positive time durationto a successostateanda transitioncost,and
is the setof goalstates.

Theimportantdifferencebetweerthis andclassicakearchformulationsis thegen-
eralizationof actions(i.e. operators)Ratherthanmappinga stateto a new stateandthe
associatedostof theaction,we additionallytake a time durationparametespecifying
how muchtime passedetweerthe stateandits successor

A goalpathcanbe speci ed asa sequencef action-duratiorpairsthat evolve the
initial stateto a goalstate.The costof a pathis the sumof all transitioncosts.Given
thisgeneralizationthe statespacds generallyin nite, andtheoptimalpathis generally
only approximablehrougha samplingof possiblepathsthroughthe statespace.

3 Sphere Navigation Problem

Since SADAT searchalgorithmswill generallyonly be able to approximateoptimal
solutionsiit is helpful to testthemon problemswith known optimalsolutions.Richard



Korf proposedhe problemof navigationbetweerntwo pointson the surfaceof a sphere
asa simplebenchmarkwith a known optimal solution! Our versionof the problemis
givenhere.

The shortestpath betweentwo points on a sphereis along the great-circlepath.
Considerthe circle formed by the intersectionof a sphereand a planethroughtwo
pointson the surfaceof the sphereandthe centerof the sphere The great-circle path
betweenthe two pointsis the shorterpart of this circle betweenthe two points. The
great-circle distanceis thelengthof this path.

The statespace is the setof all positionsandheadingson the surfaceof a unit
spherealongwith all nonngjativetime durationsfor travel. Essentiallywe encodepath
cost(i.e. time) in the stateto facilitatede nition of . Theinitial state is arbitrarily
chosento have position (1,0,0) andvelocity (0,1,0)in sphericalcoordinateswith no
time elapsednitially.

Theaction , takesa stateandtimeduration,andreturnsanew state
andthe sametime duration(i.e. cost= time). Thenew stateis theresultof changinghe
heading radiansandtraveling with unit velocity at that headingfor the given

time durationon the surfaceof the unit spherelf the positionreaches goal state the
systemstopsevolving (andincurring cost).

The setof goal states includesall statesthatare both (1) within  great-circle
distancefrom a given position , and(2) within  time units of the optimal great-
circle durationto reachsuchpositions.Putdifferently, the rst requirementie nesthe
sizeandlocationof thedestinationandthesecondequirementle neshow directlythe
destinatiormustbereachedPosition is choseratrandomfrom all possiblepositions
ontheunit spherewith all positionsbeingequiprobable.

If s the great-circledistancebetween(1,0,0)and , thenthe optimal time to
reacha goal positionat unit velocity is . Thenthe solutioncostupperboundis

. For ary position, the great-circledistancebetweenthat positionand
minus is the optimal time to goal at unit velocity. This is usedasthe admissible
heuristicfunction for all heuristicsearch.

4 Algorithms

In thissectionwe describehefour algorithmsusedn ourexperimentsThe rst pairuse
x edtime intenvals betweenstates The secondpair dynamicallyre ne time intervals
betweenstates.The rst algorithm, -admissibleiteratve-deepenind , featuresan
improvementverthestandardlescription Following thatwe describean -admissible
variantof recursve best- rst searcrandtwo novel iterative-re nementalgorithms.

4.1 -Admissible Iterati ve-DeepeningA

-admissiblaterative-deepening. searchherecalled -IDA ,isaversionof IDA [1]
wherethe -costlimit is increasedby a x edamount on eachiteration,sothatthe
total numberof iterationsis proportionatto . This canreducethe searchcost,atthe
expenseof returningsolutionsthatcanbeworsethanoptimalby atmost " [5].
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Actually, our implementatioris animprovementon -IDA asdescribedabove. If
is the differencebetween(1) theminimum -valueof all nodesbeyondthe current
searchcontour and (2) the current -costlimit, thenthe -costlimit is increasedy
.( istheincreasd¢hatwould occurin IDA .) Thisimprovements signi cant
in casesvhere -costlimit changedetweenterationscansigni cantly exceed .

It is importantto notethatwhenwe committo anactiontiming discretizationthe
-admissibility of searchis relative to the optimal solutionof this discretizatiorrather

thanthe optimalsolutionof the original continuous-timeSADAT searctproblem.

4.2 -Admissible Recursive Best-First Search

-admissiblerecursve best- rst searchherecalled -RBFS,is an -admissiblevariant
of recursve best- rst searchthat follows the descriptionof [2, 7.3] without further
searchafter a solutionis found. As with our implementatiorof -IDA | local search
boundsincreaséy atleast (whennotlimited by B) to reduceredundansearch.

In Korf's style of pseudocode -RBFSis asfollows:

eRBFS (node: N, value: F(N), bound: B)
IF f(N)>B, RETURNf(N)

IF Nis a goal, EXIT algorithm

IF N has no children, RETURN:Infinity
FOR each child Ni of N,

IF f(N)<F(N), Fli = MAX(F(N),f(Ni))
ELSE F[i] := f(Ni)
sort Ni and F[i] in increasing order of F[i]
IF only one child, F[2] := infinity
WHILE (F[1] <= B and F[1] < infinity)
F[1] := eRBFS(N1, F[1], MIN(B, F[2] + epsilon))
insert Ni and F[1] in sorted order
RETURNF[1]

The differencebetweenRBFSand -RBFSis in the computationof the boundfor
therecursve call. In RBFS,thisis computecasMIN(B, F[2]) whereasn -RBFS,
this is computedas MIN(B, F[2] + epsilon) . F[1] andF[2] arethe low-
estandsecond-laveststoredcostsof the children,respectrely. A correctnesgroof of

-RBFSfollowsthe structureof Korf's RBFScorrectnesgproof [2] with minor modi -
cations.

Thealgorithm'sinitial call parametersaretherootnode , ,and . Actually,
bothRBFSand -RBFScanbegivena nite bound if onewishesto restrictsearcHor
solutionswith a costof no greatethan andusesanadmissibleheuristicfunction. If
no solutionis found,thealgorithmwill returnthe -valueof the minimumopensearch
nodebeyondthe searchcontourof .

In thecontext of SADAT searchproblemspoth -IDA and -RBFSassumea x ed
time interval betweera nodeandits child. Thefollowing two algorithmsdo not.



(a) Iterative-deepenin@®FS. (b) Iterative-re nementDFS.

Fig. 1. Iterative searchmethods.

4.3 lterati ve-Re nement -RBFS

Iterative-re nement[4] is perhapdestdescribedn comparisorto iterative-deepening.
Iterative-deepeninglepth- rst search(Figure 1(a)) provides both the linear memory
complity bene t of depth- rst searchandthe minimum-lengthsolution-pattbene t
of breadth- rst searchat the cost of nodere-expansion.Suchre-expansioncostsare
generallydominatedy the costof the nal iterationbecaus®f the exponentialnature
of searchtime compleity.

Iterative-re nementdepth- rst search(Figure 1(b)) canbe likenedto aniterative-
deepeningsearchto a x edtime-horizon.In classicalsearchproblems time is not an
issue.Actions leadfrom statesto otherstatesWhenwe generalizesuchproblemsto
includetime, we thenhave the choiceof how muchtime passebetweersearchstates.
Assumingthat the vertical time interval in Figure1(b)is , we performsuccessie
searchesvith delays , . until agoalpathis found.

Iterative-deepeningddressesurlack of knowledgeconcerningheproperdepthof
searchSimilarly, iterative-re nementaddressesur lack of knowledgeconcerninghe
propertime discretizationof searchlterative-deepeningerformssuccessie searches
thatgrow exponentiallyin time compleity. The compleity of previous unsuccessful
iterationsis generallydominatedby that of the nal successfuiteration. The sameis
truefor iterative-re nement.

However, the conceptof iterative-re nementis not limited to the useof depth- rst
searchOtheralgorithmssuchas -RBFSmaybeusedaswell. In generalfor eachiter-
ationof aniterative-re nementsearchalevel of (perhapsadaptie) time-discretization
granularityis choserfor searchrandanupperboundonthe solutioncostis given.If the
iteration nds asolutionwithin this costbound,the algorithmterminateswith success.
Otherwise,a ner level of time-discretizatiorgranularityis chosenandsearchis re-
peatedSearchs successiely re ned with respecto time granularityuntil asolutionis
found.



Iterative-Re nement -RBFSis oneinstanceof suchsearchThe algorithmcanbe
simply describedasfollows:

IReRBFS (node: N, bound: B, initDelay: DT)
FORI1 = 1 to infinity
Fix the time delay between states at DT/
eRBFS(N, f(N), B)
IF eRBFS exited with success, EXIT algorithm

Iterative-Re nement -RBFSdoesnot searchto a x edtime-horizon.Rather each
iterationsearchesvithin a searchcontourboundedby . Successie iterationssearch
to thesamebound but with ner temporaldetail. DT/I is assignedo aglobalvariable
governingthetime interval betweersuccessie statedn search.

4.4 lterati ve-Re nementDFS

Thealgorithmfor Iterative-Re nementDFSis givenasfollows:

IRDFS (node: N, bound: B, initDelay: DT)

FORI1 = 1 to infinity
Fix the time delay between states at DT/
DFS-NOUB(N, f(N), B)
IF DFS-NOUBexited with success, EXIT algorithm

Ourdepth- rstsearchmplementatioDFS-NOUBusesanodeordering(NO) heuris-
tic and hasa path cost upperbound (UB). The node-orderingheuristicis as usual:
Nodesare expandedn increasingorderof -value.Nodesare not expandedthat ex-
ceeda given costupperbound.Assumingadmissibility of the heuristicfunction , no
solutionswithin the costupperboundwill be prunedfrom search.

5 Experimental Results

In theseexperiments,we vary only the initial time delay  betweensearchstates
and obsenre the performanceof the algorithmswe have describedFor -IDA and
-RBFS, the initial istheonly  for search.The iteratve-re nementalgorithms
searctusingtheharmonicre nementsequence , , ,andarelimited to
1000re nementiterations. -admissiblesearchesvereperformedwith
Experimentalesultsfor successatesof searcharesummarizedn Figure2. Each
pointrepresents00trials overa x ed,randomsetof spherenavigation problemswith
and computedas10% of the optimaltime. Thus,thetargetsizefor each
problemis the same but the varying requiremenfor solutionquality meansthat dif-
ferentdelayswill be appropriateor differentsearchproblems.Searchwvasterminated
after 10 secondssothe successateis thefraction of time a solutionwasfoundwithin
theallottedtime andre nementiterations.
In this empirical study meansand 90% con denceintervals for the meanswere
computedvith 10000bootstrapgresamples.
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Fig. 2. Effectof varyinginitial

Let us rst comparethe performanceof iteratve-re nement(IR) -RBFSand -
RBFS.To theleft of thegraph,wheretheinitial is small,thetwo algorithmshave
identicalbehavior. Thisregion of thegraphindicatesconditionsunderwhich asolution
is found within 10 secondson the rst iteration or not at all. Thereis no iterative-
re nementin this region; the time compleity of the rst iterationleavesno time for
another

At about ,weobsenethatlR -RBFSbeginsto haveasigni cantly greater
successatethan -RBFS.At this point, thetime compleity of searchallows for mul-
tiple iterations,andthuswe begin to seethe bene ts of iterative-re nement.

Continuingto theright with greaterinitial , IR -RBFSnearsa 100%success
rate.At this point,thedistributionof  'soverdifferentiterationsallowsIR -RBFSto
reliably nd asolutionwithin thetime constraints\We canseethedistributionof 's
thatmostlik ely yield solutionsfrom the behaior of -RBFS.

Wherethe successateof IR -RBFSbeginsto fall, the distribution of rst 1000

's begins to fall outsideof the region where solutionscan be found. With our re-
nement limit of 1000,thelastiterationusesa minimal . Thehighest
trials fail not becausaime runsout. Rather the iterationlimit is reachedHow-
ever, evenwith a greaterre nementlimit, we would eventuallyreacha wherethe
iterative searctcostincurredonthewaytothegood rangewouldexceedlOseconds.

ComparinglR -RBFSwith IR DFS, we rst notethat thereis little difference
betweerthetwo for large . For mid-to-low-range  valueshowever, we begin to
seethe ef ciency of -RBFSover DFSwith nodeorderingasthe rst iterationwith a



solutionpathpresent@ morecomputationallycostly searchWithouta perfectheuristic
wherecomplex searchis necessary -RBFSshaws its strengthrelative to DFS. Rarely
will problemsbe so unconstraineénd offer suchan easyheuristicasthis benchmark
problem,solR -RBFSwill begenerallybe bettersuitedfor all but the simplestsearch
problems.

In summaryiterative-re nementalgorithmsarestatisticallythe sameasor superior
to the othersearchesvertherangeof valuestestedIR -RBFSoffersthegreatest
averagesuccessateacrossall . With respecto -RBFS,IR -RBFSofferssigni -
cantlybetterperformancdor spanningmorethanfour ordersof magnitudeThese
ndings arein agreementvith previous empiricalstudiesconcerninga submarinede-
tectionavoidanceproblem[4].

6 Conclusions

This empiricalstudyconcerningspherenavigationprovidesinsightinto theimportance
of searchingvith dynamictime discretizationlterative-re nementalgorithmsaregiven
aninitial time delay betweersearchstatesanda solutioncostupperbound.Such
algorithmsiteratively searcho this boundwith successiely smaller  until asolution
is found.

Iterative-re nement -admissibleecursvebest- rstsearchIR -RBFS)wasshown
to be similar to or superiorto all other searchestudiedfor spanningover ve
ordersof magnitude With respecto -RBFS (without iteratve-re nement),anen -
admissiblevariantof Korf's recursie best- rst searchJR -RBFSofferssigni cantly
betterperformancdor spanningpver four ordersof magnitude.

Iterative-re nementalgorithmsareimportantfor searchproblemswvherereasonable
valuesfor are (1) unknowvn or (2) known andonewishesto nd a solutionmore
quickly andreliably. The key tradeof is that of knowledge.Lack of knowledgeof a
goodtime discretizationis compensatefbr by knowledgeof a suitablesolutioncost
upperbound.If oneknows a suitablesolutioncostupperboundfor a problemwhere
continuoustime is relevant, an iterative-re nementalgorithmsuchas|R -RBFSis
recommended.
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